Dual Kadec-Klee norms and the relationships between 
Wijsman, slice and Mosco convergence 



J.M. Borwein 1 
Department of Combinatorics and Optimization 
University of Waterloo 
Waterloo, Ontario, Canada N2L 3G1 

J. Vanderwerff 2 
Department of Pure Mathematics 
University of Waterloo 
Waterloo, Ontario, Canada N2L 3G1 
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0. Introduction. 



All Banach spaces considered here are assumed to be real. Let X be an infinite 
dimensional Banach space with a given norm || ■ ||. When considering a subspace Y of 
X, we will always assume it is endowed with the relative norm unless stated otherwise. 
The ball and sphere of X are defined and denoted as follows: Bx = {x : ||x|| < 1} and 
Sx = {x : = 1}. We also use the notation B r = {x : \\x\\ < r}. For x G X, A, B C X, 
let d(x, A) = inf{||x-a|| : a e A} and let d(A,B) = inf{||a-6|| :aeA,beB}. If A = 0, 
the convention is that d(x, A) = oo; similarly, d(A, B) = oo if A or B is empty. We are 
going to consider the following three notions of set convergence. Let C a , C be closed convex 
subsets of X. If lim Q d(x, C a ) = d(x, C) for all x G X, then C a is said to converge Wijsman 
to C. More restrictively, C a is said to converge slice to C, if lim a d(W, C a ) = d(W, C) for 
all closed bounded convex sets W. We will say C a converges Mosco to C, if the following 
two conditions are satisfied. 

M(i) If x G C, then d{x, C a ) -> 0. 

M(ii) If x a/3 G C a/3 for some subnet is such that {x af3 }f} is relatively weakly compact and 
x af3 —r x, then x G C. 

Notice that M(i) and M(ii) reduce to the usual definition for Mosco convergence in the 
case of sequences (for M(ii) we use that a weakly convergent sequence is relatively weakly 
compact). Moreover this definition is compatible with the Mosco topology as defined in 
[Be2] . As is the usual practice, we only consider these notions for closed convex sets. It is 
also clear that Wijsman, Mosco and slice convergence coincide in finite dimensional spaces, 
so we will only consider infinite dimensional spaces. As a matter of terminology, we will 
say that given a fixed norm on X, Wijsman convergence implies Mosco (slice) convergence 
if C a converges Mosco (slice) to C whenever C a converges Wijsman to C with respect to 
the given norm on X (if C n converges Mosco (slice) to C, whenever C n converges Wijsman 
to C, we will say sequential Wijsman convergence implies Mosco (slice) convergence). 

It is crucial that we stipulate which norm is being used on X when speaking of Wijsman 
convergence because it depends on the particular norm (see [Be4, BF1, BL]). However, it 
follows from the definitions that Mosco and slice convergence do not depend on the norm 
being used. One can also easily check, using the definitions, that slice convergence implies 
Mosco convergence in every space and they coincide in reflexive spaces. Moreover, if a 
net of sets converges slice to some set in a Banach space X, then it is not hard to check 
that the convergence is Wijsman with respect to every equivalent norm; Beer ([Be4]) has 
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recently shown the converse holds. See [Be3, Be4, BF1, BL, BB1, BB2] for further results 
and examples. 

Historically, the notion of Wijsman convergence was introduced by Wijsman in [W] 
where it is shown to be a useful tool in finite dimensional spaces. Mosco's fundamental 
paper [M] on set convergence introduced the concept of Mosco convergence which has 
proved to be a very useful notion in reflexive spaces. Unfortunately, it has several defects 
in nonreflexive spaces; see [BB1]. However, a recent paper of Beer ([Be3]) shows that many 
of the nice properties of Mosco convergence in reflexive spaces are valid for slice convergence 
in nonreflexive spaces. Because of this and the fact that Wijsman convergence is simpler to 
check, it is desirable to know when Wijsman convergence implies slice convergence. Recall 
that [BF1, Theorem 3.1] shows that Wijsman and Mosco convergence coincide if and only 
if the space is reflexive and the weak and norm topologies coincide on the dual sphere (a 
topolgical version of this is proved in [Be2, Theorem 2.5]). This and the fact that Mosco 
and slice convergence coincide in reflexive spaces leads to the following natural question 
posed in [BB2]. Do Wijsman and slice convergence coincide whenever the w* and norm 
topologies agree on the dual unit sphere? This paper will provide an affirmative answer to 
this question. 

In the first section, we present some basic facts about dual Kadec-Klee norms (which 
for brevity we call Kadec norms). Let r denote the Mackey topology on X*, that is the 
topology of uniform convergence on weakly compact sets. We will say a norm || • || is 
w* -t -Kadec if || — > ||x*|| and x* ^-r x* imply x* a ^-r x*; if this holds for sequences, then 
|| • || will be called sequentially w* -r -Kadec. These notions coincide when the dual ball is 
^-sequentially compact (see Corollary 1.2). On the other hand, there are norms that are 
sequentially ty*-r-Kadec, but not u>*-r-Kadec; see Remark 1.5(a). Many of our results will 
deal with the following property of a norm which is more restrictive than w*-r-Kadec; see 
Remark 1.5(b). A norm || • || is said to be w* -Kadec if \\x a — x\\ ^ whenever || 
and x a ^-r x; if this holds for sequences, || • || is said to be sequentially w* -Kadec. 

Section 2 begins by showing that Wijsman convergence has the defect of not being 
preserved in superspaces while Mosco and slice convergence are. We also show that the 
relationship between Wijsman and slice convergence is separably and sequentially deter- 
mined (this allows us to restrict our attention to sequences of sets in separable subspaces 
in the third section). Some relationships between set convergence, dual Kadec norms and 
differentiability are also presented in the second section. 
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The third section contains the main results. It is shown that Wijsman and slice 
convergence coincide precisely when the dual norm is w*-Kadec. Let us mention that wide 
classes of Banach spaces can be renormed so that the dual norm is w*-Kadec. A Banach 
space is said to be weakly compactly generated (WCG) if it contains a weakly compact 
set whose linear span is norm dense. It is clear (from the definition) that WCG spaces 
include all separable and all reflexive spaces. It follows from [Fl, Theorem 1] that every 
WCG Asplund space can be renormed so that the dual norm is iy*-Kadec. If X* is WCG, 
then there is a norm on X whose dual norm is w*-Kadec; see [DGZ, Fl, F2] for more 
and stronger results on renorming. We also give some conditions on the limit set for 
which one can deduce slice convergence from Wijsman convergence in certain spaces with 
Frechet differentiable norms (whose dual norms are not necessarily «;*-Kadec). This will 
be done by working with functionals in the subdifferentials of distance functions. Recall 
that the subdifferential of a convex function / at xq in the domain of /, is defined by 
df(x ) = {A G X* : (A, x - xq) < f(x) - f(x ) for all x G X}. 

1. Dual Kadec norms. 

The purpose of this section is to gather a few facts about dual Kadec norms which we 
will need later. See also [DS, GM, JH] for some other properties of spaces related to dual 
Kadec norms. 

Proposition 1.1. For a Banach space X, the following are equivalent. 

(a) The dual norm on X* is w*-r-Kadec (w*-Kadec). 

(b) For each Y C X, the dual norm on Y* is w*-r-Kadec (w* -Kadec) . 

(c) For each separable Y C X, the dual norm on Y* is sequentially w* -r-Kadec (sequen- 
tially w* -Kadec). 

Proof. We prove this for the w*-r-Kadec case only, (a) =>- (b): Suppose Y is a 
subspace of X and its dual norm || • || is not u>*-r-Kadec. Then there is a weakly compact 
set K, an e > and a net y* —r y* such that ||y*|| = \\y*\\ = 1 and 

sup |y* — y*\ > e for all a. 

K 

Let x* denote a norm preserving extension of y* . By Alaoglu's theorem, for some subnet, 
one has x* af} ^-r x* for some x* G Bx*- Observe that x*\y = y* and so it follows that 
|| a;* || = 1 and 

sup \ x* a — x*\ > e for all (3. 

K 
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Hence the dual norm on X* is not u>*-r-Kadec. 

It is clear that (b) =>- (c), so we prove (c) =>- (a). Suppose the dual norm || • || on X* 
is not u>*-r-Kadec. Thus we can choose a net {x* } and a weakly compact set K C X such 
that x* x*, ||x* || = \\x*\\ = 1, and 

sup \x* a — x*\ > e for all a and some e > 0. 

K 

Let {u n } C X be such that ||w n || = 1 and (x*,u n ) > 1 — K Let ct\ < a 2 < ■ ■ ■ be chosen 
so that (x*,u n ) > 1 — ^ whenever a > a n . Now choose {x*} C {x*} and {xi} C K 
as follows. Let X^ — X * and xi G if be chosen so that |(x* — x*,xi)\ > e. Suppose 
{x*,X2, ■ ■ and {xi,x 2 , . . .Xfc_i} have been chosen such that \(x* — x*,xj)\ > e for 

1 < j < A; — 1. Because x* ^-r x*, we can choose x* k = x* where a > and 

|(x£ - x*,Xj)\ > e for j = 1, 2, . . . , fc - 1. 

Now choose Xk £ K such that |(x£ — x*, x^)| > e. 

Let y = span ({xj^ U {txt}^). Then Y is separable and Ki = K n y is a weakly 
compact subset of Y. Now let y* = x*\y- Because Y is separable, By* is ^-sequentially 
compact and so y*. ^-r y* for some subsequence and some y* G By ■ Observe that 

(y*,u n ) = lim(x* ,u n ) > 1 . 

j 3 n 

Thus it follows that ||y*|| = 1. Moreover, for n > m, |(y* — y^,x m )| > e; and since 
x m G -f^i, this means y*. does not converge Mackey to y*. Thus the dual norm on Y* is 
not sequentially it;* -r-Kadec. I 

Corollary 1.2. Suppose that Bx* is w* -sequentially compact. If the dual norm on X* is 
sequentially w* -r-Kadec (sequentially w*-Kadec), then it is w* -r-Kadec (w*-Kadec). 

Proof. We prove the io*-r-Kadec case only. Using ty*-sequential compactness, one 
can show as in the proof of (a) =>- (b) in Proposition 1.1 that the dual norm on Y* is 
sequentially w*-r-Kadec for each subspace Y of X. Therefore, by Proposition 1.1, the 
norm on X* is ty*-r-Kadec. I 

Recall that a space is said to have the Schur property if weakly convergent sequences 
are norm convergent. 

Remark 1.3. (a)IfX has the Schur property then every dual norm on X* is w* -r-Kadec. 
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(b) There are spaces X such that X* has a dual w*-r-Kadec norm, but B x * is not 
w* -sequentially compact. 

Proof, (a) Since weakly compact sets are norm compact, it is clear that w*-convergence 
is the same as r-convergence. 

(b) This follows from (a) because X = £i(T) is Schur but Bx* is not iu*-sequentially 
compact whenever V is uncountable (see [Du, p. 48]). I 

A Banach space X is called sequentially reflexive if every r-convergent sequence in X* 
is norm convergent (see [Bor, 0]). It is shown in [0] that X is sequentially reflexive if and 
only if X t\ (by X 7$ £i, we mean that X does not contain an isomorphic copy of £\). 
This result provides a nice connection between w*-Kadec and iu*-r- Kadec norms. 

Theorem 1.4. For a Banach space X, the following are equivalent. 

(a) The dual norm on X* is w*-Kadec. 

(b) X is Asplund and the dual norm on X* is sequentially w*-Kadec. 

(c) Bx* is w* -sequentially compact and the dual norm on X* is sequentially w*-Kadec. 

(d) B x * is w* -sequentially compact, X £\ and the dual norm on X* is sequentially 
w*-T-Kadec. 

(e) X t\ and the dual norm on X* is w*-r-Kadec. 

Proof, (a) =>- (b): Let Y be a separable subspace of X and suppose || ■ || is a dual 
u>*-Kadec norm on X*. Let be a fixed u>*-dense sequence in By*. Now let 

/ G Sy* be arbitrary. For some {fj} we have fj ^-r f. According to Proposition 1.1, || ■ || 
is sequentially u>*-Kadec on Y* , hence it follows that \\fj — f\\ — > 0. Thus Y* is separable 
since its sphere has a countable norm dense subset. Consequently X is an Asplund space 
(see [Ph, Theorem 2.34]). This shows (a) (b). Now (b) (c) follows from the fact 
that Asplund spaces have w*-sequentially compact dual balls ([Di, p. 230]). According 
to Corollary 1.2, (c) =>- (a) and hence (c) =>- (b) which means X £ 1: thus (c) (d). 
Moreover, Corollary 1.2 shows (d) =>- (e). Finally, we show (e) =>- (a). By [0], if X 7) £±, 
then X is sequentially reflexive. Combining this with Proposition 1.1, shows that for every 
subspace Y of X, the dual norm on Y* is sequentially w*-Kadec. Invoking Proposition 1.1 
again, shows that the dual norm on X* is w*-Kadec. I 

As a note of comparison with weak Kadec properties, if X is separable and 1^)4, 
then sequentially weak Kadec norms are weak Kadec while on £\ there are sequentially weak 
Kadec norms that are not weak Kadec; see [Tr]. Also, several spaces have iu*-sequentially 
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compact dual balls. Indeed, Asplund, WCG and more generally Gateaux Differentiability 
spaces have w*-sequentially dual balls; see [Di, Chapter XIII] and [LP]. 

Remark 1.5. (a) There is a norm on whose dual norm is sequentially w*-r-Kadec but 
not w*-r-Kadec. 

(b) No dual norm on l\ is sequentially w*-Kadec, but every dual norm on t\ is w*-r- 
Kadec. 

Proof, (a) Since w*-convergent sequences in are ^-convergent ([Di, p. 103]) and 
since has the Dunford- Pettis property ([Di, p. 113]), it follows that u;* -convergent 
sequences in t*^ are r-convergent (see Proposition 2.5). Thus the dual of every norm on 
£oo is sequentially w*-r-Kadec. Let ||| • ||| be an equivalent norm on cq whose dual is not 
sequentially w*-Kadec (see [BFa]). It follows from Theorem 1.4 that the dual norm of ||| • ||| 
is not sequentially ty*-r-Kadec. Now let ||| • ||| denote the second dual of this norm on l^. 
Then the dual of ||| • ||| is not w*-r-Kadec on £^ by Proposition 1.1. 

(b) This is clear from Remark 1.3(a) and Theorem 1.4. I 

Finally, let us mention that the following is not clear to us: if the dual norm on X* is 
sequentially «;*-Kadec, then must it be w*-Kadec? This, of course is true if the dual ball 
is u>*-sequentially compact (Theorem 1.4). So this question is equivalent to: if the dual 
norm is sequentially u>*-Kadec, is the dual ball u>*-sequentially compact? 

2. Basic properties of set convergence. 

One of the nice things about Wijsman convergence is the simplicity of its definition. 
However, this leads to the drawback that Wijsman convergence is not necessarily preserved 
by superspaces. 

Proposition 2.1. (a) Let Y be a Banach space and suppose C a converges slice (Mosco) 
to C in Y. If X is a superspace ofY, then C a converges slice (Mosco) to C in X. 
(b) Wijsman convergence in X is not necessarily preserved in X x H. 

Proof, (a) It is clear from the definition that this holds for Mosco convergence. We 
will prove that slice convergence is preserved in superspaces. Suppose that C a ,C C Y, 
where Y is a subspace of X and that C a does not converge slice to C in X. We will show 
that C a does not converge slice to C in Y. We may suppose C a converges Wijsman to C in 
Y, since otherwise we are done. Given any set B C X and e > 0, we can choose b £ B and 
c E C such that \\b — c|| < d(B, C) + e. By Wijsman convergence, d(c, C a ) — > d(c, C) = 0. 
Hence lira sup d(B,C a ) < limsup(||6 — c|| + d(c,C a )) < d(B,C) + e. Thus because C a 
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does not converge slice to C, by passing to a subnet if necessary, we find a bounded closed 
convex W C X such that 

d(W, C a ) +3S< d(W, C) for all a and some 5 > 0. 

Let r = d(W, C) - 25. Then (W + B r ) n C a + for all a, while + S r+(5 ) n C = 0. 
Using the separation theorem, we find a A G Sx* such that 

sup{(A, x) : x G W + B r+S } < inf{(A, x) : x G C}. 

Let a = sup{(A, x) : x G W + B r }, then 

a + 5 = sup{(A, x) : s G If + S r+(5 } < inf{(A, x) : x G C} (2.1) 

and 

W + S r C {x : (A,x) < a}. 

Now let m > be chosen such that W + B r C B m . Because (W + B r ) n C Q 7^ 0, there 
exists y a E C a C Y such that 

y Q G {y G y : (A,y) < a}nB m . 

We set W\ = {y G y : (A, y) < a}flS m . Hence, W\ flC a 7^ for all a. However, according 
to (2.1), d(Wi, C) > S and so C a does not converge slice to C in Y. 

(b) Let X be cq endowed with the norm ||| • ||| which is defined for x = (x n )^ =0 as 
follows: 

IIMII = \xo\ V \xi\ V (sup \x n + x±\). 

n>2 

Let Y = {x E X : xo = xi} and define /„ G X* by 

f n (x) =x 1 +x n and /oo(x) = x 1 . 

Then 

HI / n HI = sup{xi + x n : \x! + x n \ < 1, |xi| < 1} = 1, and 
l/oolll = sup{xi : |xi + x n | < 1, |xi| < 1} = 1. 

Now f n (x) — > foo(x) for all x since x n — > 0. It follows directly that /~ 1 (1) converges 
Wijsman to /^(l); see [Bel, Theorem 4.3]. 
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Let f n = f n \Y, then |||/ n ||| = |||/oo||| = 1 ; and so similarly it follows that 

converges Wijsman to /^(l) in Y. 

However, does not converge Wijsman to / < ^, 1 (1) in X. Indeed, consider z° = 

(0, §, 0, 0, . . .) and z n = \e + \e x + \e n . Then z n G J" 1 ^) and 

\ = \\z Q -z n \\>d{z\f-\l)). 

On the other hand, if x = (xi)^2. G /^(l), then xq = x\ = 1 and consequently one has 
Ilk — > |xo| = 1 which means d(z°, /^(l)) > 1. I 

A partial redress to Proposition 2.1(b) will be given in Corollary 3.3. We next show 
that the relationship between Wijsman and slice (Mosco) convergence is separably and 
sequentially determined. 

Theorem 2.2. Suppose C a converges Wijsman but not slice (Mosco) to C in some sub- 
space E of X , then there is a separable subspace Y of E and a subsequence C an such that 
C an fl Y converges Wijsman but not slice (Mosco) to C DY as subsets ofY. 

Proof. Since C a converges Wijsman to C in E, as in the proof of Proposition 2.1, 
limsup a d(B, C a ) < d(B, C) for any B C E. Thus, because C a does not converge slice to 
C, by passing to a subnet if necessary, there is a bounded closed convex subset W of E 
and a 5 > such that 

d(W, C a )+5< d(W, C) for all a. (2.2) 

Let Z be an arbitrary separable subspace of E and set Z\ = Z. Fix a dense subset 
of Z\ and choose ol\ such that 

C) - 1 < d(z M , C Q1 ) < C) + 1. (2.3) 

Using (2.2) and (2.3), one can choose w\ G W, c\ G C Ql , G C Ql and y\ x G C such 
that: 

Ihi -ci|| < d(W,C)-S; 

lki,i - 3a, ill < + i; 

Iki.i - 2/i,i II < d(z lA ,C) + 1. 

Suppose cti < a 2 < • • • < «n-i, (k,Wi, for i < n-1 and {jJij}, {x^j} for 3 < 

k < n — 1 have been chosen. Then set 

Z n = span({Z n _i U 0/^.} U {a^} U {c n } U {w n } : % < n,j < n}). (2.4) 
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Fix a dense collection {z n> i}^2. 1 C Z n and choose a n > a n -\ such that 

1 1 

d(zij,C) < d(zij,C an ) < d(zij,C) + - whenever i <n,j < n. (2.5) 

Using this, for % < n, j < n we choose a;™ ■ G C an and y" ■ G C such that 

ll^.-^ll <d(^,C) + i; (2.6) 

\\v?j-zij <d(zij,C) + ±.. (2.7) 
According to (2.2), let w n G W and c n G C an be chosen so that 

\\w n -c n \\<d(W,C)-S. (2.8) 

Finally let Y be the norm closure of U^ =1 Z n . 

We now show that C Q „ n Y converges Wijsman but not slice to C fl Y as subsets 
of Y. Let e > and let y G Y. Since U n Z n is norm dense in Y, for some Zij we have 

— y|| < e- Observe that 

d(y,C)<d(y,CnY) 

< lb ~~ II + d{zij,C fl Y) 

< e + lim infill -y^-|| 

< e + liminf (d^, C) + -) [by (2.7)] 

<e + d(z l:J ,C) 

< 2e + d(y,C). 

Hence d(y, C n Y) = d(y, C). Now, 

liminf d(y,C an H Y) > -||y-^,j|| + liminf C a J 

n n 

>-e + liminf .-, C) - -) [by (2.5)] 

n ' n 

= d(zij,C)-e>d(y,C)-2e. 
Thus, liminf n d(y, C a „ fl Y) > d(y, C). On the other hand, 

limsupd(y, C a „ fl Y) < ||y - z^H + limsup \\zij - x 



n I 

i,3 I 



< e + limsup(d(^,C) + -) [by (2.6)] 

n 71 

< 2e + d(y,C). 
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Consequently, lim n d(y, C an fl Y) = d(y, C) = d(y, C(~)Y). So C an fl Y converges Wijsman 
to C n Y in Y. 

However, for W\ = W fl Y, we have w n G W\ and c n G C a?i fl Y for all n (as chosen 
in (2.8) and notice that w n , c n G Y by (2.4)). Hence, 

d(Wi,cnr) > d(w,c) 

>\\w n -c n \\ + 5 [by (2.8)] 

>d(Wi,C«J- 

So C Qri fl Y" does not converge slice to C fl Y in Y. 

The Mosco case can be proved in a similar manner. It is clear that M(i) holds because 
of Wijsman convergence. If M(ii) fails, then there is a net yp C C af3 such that yp —r y 
where y (jL C and {yp} is contained in a weakly compact set. Now one can strictly separate 
y from C, thus taking a further subnet, we may assume that no subsequence of {yp} has 
a limit point in C. Thus using the above construction and weak sequential compactness, 
one can obtain the result for Mosco convergence. I 

The following proposition, which is based on ideas from [Bel] , relates set convergence 
to properties of the dual norm. If Wijsman convergence of L a to L implies Mosco conver- 
gence of L a to L for any net (sequence) of sets L a = {x : (x* , x) = a}, L = {x : (x*, x) = a} 
where x* a , x* G X* and a G IR, then we will say Wijsman convergence implies Mosco con- 
vergence for (sequences of) level sets of functionals. 

Proposition 2.3 (a) If in X , Wijsman convergence implies Mosco convergence for (se- 
quences of) level sets of functionals, then the dual norm on X* is (sequentially) w*-r-Kadec. 

(h) If in X, Wijsman convergence implies slice convergence for (sequences of) level 
sets of functionals, then the dual norm on X* is (sequentially) w*-Kadec. 

Proof. We only prove (a) for nets since the other part is similar and is essentially in 
[BF1, Theorem 3.1]. Moreover, (b) may be essentially found in [Bel, Be4]. 

Suppose the dual norm is not «j*-r-Kadec, then we can find G Sx* such that 

x* x* but x* 7^ x*. Let C a = {x G X : {x* a ,x) = 1} and C = {x G X : (x*,x) = 1}. 
Since d{x,C a ) = — 1|, it follows that C a converges Wijsman to C. 

We now proceed as in the proof of [BF1, Theorem 3.1]: by passing to a subnet 
if necessary, there is a weakly compact set K C Bx and {x a } C K such that — 
x*,x a )\ > e for some e > 0. Let x G X be such that ||x || < 3 and (x*,x ) > 2. Now 
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(x* , x ) — > (x*,xo) and so by considering only a tail of the net we may assume (x* , x ) > 2 
for all a. Consider t> a = x + x a . Then (x*,v a ) > 1. Since ||f a || < 4, we can choose 
2 < A a < 1 such that (x* a ,\ a v a ) = 1. By passing to a subnet we have \ a0 — > A where 
2 < A < 1 and v af} v where \\v\\ < 4. Since (x*,xo) — > (x*,xo), it follows that 

liminf 1 1 - (x*, A Q/3 t> a;3 )| = liminf |(x*^ - x*, A a(3 v Q/3 ) | > liminf A Q/3 e > |. 

Now, (x*, A Q/3 v a(3 ) — > (x*,Av) and so we have |1 — (x*,Ai>)| > |. Consequently, \v ^ C 
and so M(ii) fails. This completes the proof. I 

Corollary 2.4. Suppose in each separable subspace of X that sequential Wijsman con- 
vergence implies Mosco (slice) convergence, then the dual norm on X* is w*-r-Kadec 
(w*-Kadec). 

Proof. This follows from Proposition 2.3 and Theorem 2.2 (or Proposition 1.1). I 

The next two results show a connection between set convergence and differentiability. 
Recall that a function is said to be weak Hadamard differ entiable at a point if its Gateaux 
derivative exists at the point and is uniform on weakly compact sets. The following propo- 
sition shows that this notion is related to Wijsman and Mosco convergence in non-Asplund 
spaces. Indeed, notice that property (*) below ensures that X contains an isomorphic copy 
of £i; see [0, BFa]. 

Proposition 2.5. Let X be a Banach space, then the following are equivalent. 

(a) For every equivalent norm on X , Wijsman convergence implies Mosco convergence for 
sequences of level sets of functionals. 

(b) The following property is satisfied. 

(x*,x n ) — > (x*,x) whenever x* —r x* and x n —r x. (*) 

(That is, w* -convergent sequences in X* are r -convergent.) 

(c) Weak Hadamard and Gateaux differentiability coincide for continuous convex func- 
tions on X . 

Proof. The equivalence of (b) and (c) follows from the results of [BFa]; see also [BFV]. 

(a) =^ (b): Suppose (*) fails, thus we can find x* x* and x n x but |(x*,x n ) — 
(x*,x)| > e for all n and some e > 0. We now show that X admits an equivalent norm 
whose dual is not sequentially u>*-r-Kadec. Notice that we may assume ||x* || < 1 for all 
n. If ||x*|| = 1, then || • || is not sequentially w*-r-Kadec. So suppose ||x*|| < 1. We may 
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assume x* = and that || < 1 for all n. Now let y G X satisfy ||y|| = 1. By replacing y 
with — y if necessary, we have (x*,y) < for all j £ J where J is an infinite subset of IN. 
Now choose y* G X* satisfying (y*,y) = \\y*\\ = 1. Define a convex w*-compact subset of 
X*by 

B = {Aer: |(A,y)| < 1} fl {A G X* : ||A|| < 2}. 

Let I • I denote the dual norm on X* whose unit ball is B. Observe that + x* ||| = 1 and 
III V* +x * HI < 1 for all j G J. Hence |||-||| is not sequentially w*-r-Kadec since y*+x* ^-r y*+x* 
but (y* + x*,Xj) y4 (y* + x*, x). Thus (a) does not hold by Proposition 2.3(a). 

(b) =>- (a): Let || • || be any equivalent norm on X. If C n converges Wijsman to C 
where C n = {x : = a} and C = {x : (x*,x) = a}. Then by [Bel, Theorem 4.3] 

x* n ^-r x* and \\x^\\ — > \\x*\\. Now suppose Xj G Cj for j G J C IN and Xj ^ x. By property 
(*), we have {x*,Xj) — > (x*,x) which means (x*,x) = a and x E C. Thus M(ii) holds. 
Since M(i) always holds in the presence of Wijsman convergence, we are done. I 

Corollary 2.6. Suppose that every separable subspace of X is contained in a comple- 
mented subspace whose dual ball is w* -sequentially compact. Then the following are 
equivalent. 

(a) For every equivalent norm on X, Wijsman convergence implies Mosco convergence for 
sequences of level sets of functionals. 

(b) X has the Schur property. 

Proof, (a) =^ (b): This follows from Proposition 2.5 and [BFV, Corollary 3.5]. 

(b) =^ (a): This is always true. I 

The condition in the preceding corollary is, of course, satisfied in all spaces whose dual 
balls are ^-sequentially compact (in particular WCG spaces) and in much more general 
cases; see [BFV]. In addition, there are many Grothendieck C(K) spaces which satisfy 
property (*) but are not Schur; see [BFV] and the references therein. 

3. Dual Kadec norms and set convergence. 

The proof of our main result will use the following proposition which is essentially due 
to Attouch and Beer (part (a) — for sequences — is contained in [AB, Theorem 3.1]). We 
will also need the following intermediate notion of set convergence. For closed convex sets 
C a , C, we will say C a converges weak compact gap to C, if d(W,C a ) — > d(W,C) for all 
convex weakly compact subsets W of X. 
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Proposition 3.1. Suppose C a and C are closed convex sets in a Banach space X . Consider 
the following three conditions: 

(i) if xq G C , then d(xo, C a ) — > 0; 

(ii) if Xq G Sx* attains its supremum on C, then there exist x* G B x * such that ||x* — 
Xq\\ ^ and 



(in) if Xq G Sx* attains its supremum on C, then there exist x* a G Bx* such that x* a —r Xq, 



(a) If (i) and (ii) hold, then C a converges slice to C. 

(b) If (i) and (in) hold, then C a converges weak compact gap to C. 

Proof. We prove only (b) since the proof of (a) is almost identical. Let W be a weakly 
compact convex set in X. According to (i), lim sup a d(W, C a ) < d(W, C). So we show 
that lim info, d(W, C a ) > d(W, C). If d(W, C) = 0, there is nothing more to do, so suppose 
d(W, C) > 0. Let e > satisfy 2e < d(W, C) and set r = d(W, C) - 2e. By the separation 
theorem, there exists A G Sx* such that 



By a general version of the Bishop-Phelps theorem ([BP, Theorem 2]), there is an Xq G Sx* 
which attains its supremum on C and strictly separates C and W + B r (one can also obtain 
this from the Br0ndsted-Rockafellar theorem [Ph, Theorem 3.18]). Thus 



limsupjsupx* } < sup^o; 

a ' C a C 



and 



limsupjsup x* } < supxp. 

a C a C 



sup{(A, x) : x G C} < inf{(A, x) : x G W + B r+e } 

= inf{(A,x) : x G W + B r } - e. 



inf Xn 

w 



o — sup Xq > r. 

c 



Let x* be given by (iii) and let «o be such that 



supx* < supxg + e, and inf x* > inf Xq — e for a > «o- 




^From this it follows that 



d{C a , W) > inf x* - supx^ > r - 2e > d(W, C) - At for a > a . 



Since e > was arbitrary, we are done. 



I 
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With Proposition 3.1 at our disposal, we are now ready for our main result. 

Theorem 3.2. For a Banach space X, the following are equivalent. 

(a) The dual norm on X* is w* -Kadec. 

(b) Sequential Wijsman and slice convergence coincide in every separable subspace of X. 

(c) Wijsman and slice convergence coincide in every subspace of X . 

Proof, (a) =>- (b): Let Z be any separable subspace of X. Suppose that C n converges 
Wijsman to C as subsets of Z. We wish to show that (i) and (ii) in Proposition 3.1 hold. 
Clearly (i) follows from Wijsman convergence so we show (ii). Let Zq G Sx* attain its 
supremum on C, say sup c Zq = (zq,Zq) where Zq & C. 

Let «o = (zq, zq) and let L = {z : (zq, z) = «o + !}• Since Z and hence L is separable, 
we can choose a sequence of compact convex sets {K n } such that K n C L for each n, 
Ki C K 2 C K 3 C . . ., d(K n , z ) < 1 + \ and 

L is the norm closure of K n . (3.1) 

Since compact sets have finite e-nets and since C n converges Wijsman to C, we deduce 
that 

lim d(K n ,Cj) = d(K n ,C) for each n 

(in other words, Wijsman convergence is precisely compact gap convergence). Thus we 
may choose j\ < < J3 < • ■ • such that 

11 1 

d(z , Cj) < - and 1 < d(K n , Cj) < 1 + - for j> j n . (3.2) 

It follows that (1 — \)Bz n (K n — Cj) = for j > j n . Thus by the separation theorem, 
there exists A n j E Sz* such that 

sup{(A nJ , z) : z G (1 - -)B Z } < inf{(A nJ , z) : z G K n - Cj} for j > j n . 

Tli 

This implies 

supA n>J - + (1 ) < minA njJ - for j > j n . (3.3) 

Cj n K n 

Now set z*=0 for j < ji and 

Zj = K,j for j n <j< jn+1- 
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Claim, z* Zq. 

Assume temporarily that the claim is true. Because d(zo, K n ) < 1 + - , it follows that 

minz* < (z*,z ) + (1 + -). (3.4) 

For j G IN, let rij denote the number n such that j n < j < j n +i- Thus by (3.3) and (3.4) 
one has ^ 

sup z* + (1 ) < minz* 

< (z*,z ) + (1+— ). 



Tlj 



In other words, 



2 

supz* < (z*,z ) H . 

Cj % 



Since (^,^0) — > ( z o, z o) = suPc- 2 ^ this immediately yields 

limsupjsup z*} < supzg- 

Moreover, by Proposition 1.1, the dual norm on Z* is u>*-Kadec, hence \\z*, — Zq\\ — > 0. 
Thus (ii) holds provided our claim is true. 

Let us now prove that the claim is true by showing every subsequence of {z*} has a 
subsequence which converges w* to Zq. By abuse of notation, let {z*} denote an arbitrary 
subsequence of {z*}. ^From the w*-sequential compactness of B z *, by passing to another 
subsequence if necessary, we have z*, ^-r A for some A G Bz*- We now show that ||A|| = 1. 
Again, we use rij to denote the n such that j n < j < j n +i', because d(zo,Cj) < ^ for 
j > in, it follows that 

sup z* > (z*,z ) . 

Let m G IN and z G K m be fixed. Because z G K n for n > m, the above inequality yields 

(A, Z - Zq) = \im(z*,,Z - Zq) 
j' 

> lim inf (min — (sup z* H )) 

j K K n . ' r , 1 n/' 

> liminf (1 - -) [by (3.3)] 

j rij rij 

= 1. 
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Consequently, we have 

min A > (A, z ) + 1 for all m G IN. (3.5) 

Km 

Since lim n d(K n , zq) — > 1, it also follows that ||A|| = 1. 

It now suffices to show that A = Zq. Let H = {z : (zq,z) > 0}. We claim that 
(A, z) > for all z & H. So suppose that (A, ft) < —5 for some <5 > and some h & H with 

< 1. Now consider zq + h, then «o < (^o> + h) < 1 + «o and so d(zo + h, L) < 1. 
Thus by (3.1), we can find z G K m for some m such that ||5 — {z$ + h)\\ < 1 + | . Hence it 
follows that 

(A, z) < \\z - (z + h)\\ + {A, z + h) <(l + -) + {A,z + h) < (A,z ) + 1--. 

This contradicts (3.5). Therefore (A, h) > for all he H. But since ||A|| — ||^oll — 1) this 
means A = 2^ . This shows that the claim holds and thus (a) =^ (b) . 

Now, (b) =^ (c) follows from Theorem 2.2 and (c) =^ (a) is a consequence of Proposition 
2.3(b). I 

^From Theorem 3.2 and Proposition 2.1(a) we immediately obtain 

Corollary 3.3. If the dual norm on X* is w*-Kadec and C a converges Wijsman to C in 
X, then C a converges slice to C in any superspace of X. 

We've also essentially proved the following variant of [AB, Theorem 3.1]. 

Remark 3.4. Suppose X is a separable Banach space, then C n converges Wijsman to C 
if and only if the following two conditions hold. 

(i) If Xq G C, then there exist x n G C n such that \\x n — x$ \\ — > 0. 

(ii) If xo G Sx* attains its supremum on C, then there exist x* G Bx* such that x* n ^ Xq 
and limsup n {sup Cn <} < sup c XQ. 

Proof. If (i) and (ii) hold, then the proof of Proposition 3.1 shows that C n converges 
Wijsman to C (take W to be an arbitrary singleton). Conversely, (i) follows directly 
from Wijsman convergence; moreover the z*'s constructed in the proof of Theorem 3.2 
satisfy (ii) with Zq = Xq (the w*-Kadec property was used only to tranform w* into norm 
convergence in (ii) which by Proposition 3.1(a) then yields slice convergence). I 

Another way of stating Theorem 3.2 is that Wijsman (compact gap) convergence 
coincides with slice (bounded gap) convergence precisely when the dual norm is iu*-Kadec. 
The analog for Wijsman and weak compact gap convergence is also valid. 
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Theorem 3.5. If X is a Banach space, the following are equivalent. 

(a) The dual norm on X* is w*-r-Kadec. 

(b) For each subspace Y of X, Wijsman and weak compact gap convergence coincide. 

(c) Wijsman convergence implies Mosco convergence in X. 

(d) For each separable subspace Y in X, Wijsman convergence implies Mosco convergence 
for sequences of level sets of functionals. 

Proof, (a) =>- (b): Let Y be a separable subspace of X. According to Proposition 1.1, 
the dual norm on Y* is w*-r-Kadec. Using this with Remark 3.4 and Proposition 3.1(b) 
shows that Wijsman and weak compact gap convergence coincide in Y. Combining this 
with a Wijsman versus weak compact gap variant of Theorem 2.2 (the same proof works) 
shows that (b) holds. To prove (b) =>- (c), observe first that M(i) clearly holds. We now 
show M(ii): let xp G Cp for some subnet and suppose {xp} is relatively weakly compact. 
If xp ^7 x and x ^ C, then there is an open halfspace containing x and a tail of {xp} 
which is strictly separated from C. Let W be the closed convex hull of this tail. Then 
d(W,C) > 0, but \impd(W,Cp) = 0. This contradicts (b). Hence we have (b) (c); 
this also shows (b) =>- (d). By Proposition 2.3(a), (c) =>- (a) and (d) =>- (a) follows from 
Proposition 2.3(a) and Proposition 1.1. I 

Corollary 3.6. If B x * is w* -sequentially compact, then each of (a) — (d) in Theorem 3.5 
is equivalent to the following condition. 

Sequential Wijsman convergence implies Mosco convergence in X . 

Proof. This follows from Theorem 3.5, Proposition 2.3(a) and Corollary 1.2. I 

Corollary 3.7. For a Banach space X, the following are equivalent. 

(a) Bx* is sequentially compact and sequential Wijsman and slice convergence coincide. 

(b) In any subspace of X, Wijsman and slice convergence coincide. 

(c) X is Asplund and Wijsman and weak compact gap convergence coincide. 

(d) and Wijsman convergence implies Mosco convergence. 

(e) Bx* is w* -sequentially compact, X does not contain an isomorphic copy of l\ and 
sequential Wijsman convergence implies Mosco convergence. 

Proof. Using Theorem 1.4, Proposition 2.3, Theorem 3.2 and Theorem 3.5, one can 
see that each of (a) — (e) is equivalent to the norm on X* being u>*-Kadec. I 

On one hand, Corollary 3.7 shows that for a fixed norm on an Asplund space, Wijs- 
man convergence implies Mosco convergence if and only if Wijsman and slice convergence 



17 



coincide. On the other hand, this does not mean that a sequence of sets converges slice 
if and only if it converges Mosco and Wijsman (even in Asplund spaces). Indeed, [BL, 
Theorem 6] shows that any separable Banach space can be renormed so that a decreasing 
sequence of subspaces converges Wijsman and Mosco but not slice. However, it is not clear 
to us whether C n converges slice to C whenever 1^)4 and C n converges weak compact 
gap to C. 

In light of Corollary 3.7, let us mention that there are spaces that are neither Asplund 
nor Schur which can be renormed so that the dual norm is w*-r-Kadec. 

Example 3.8. Let Q be a cr-finite measure space, then there is a dual w*-r-Kadec norm 
on Li(fi)*. 

Proof. According to [BF2, Theorem 2.4], there is a norm on Li(O) whose dual norm 
is w*-r-Kadec, in fact it is locally uniformly Mackey rotund. I 

We need some more terminology before we can present further corollaries of Theorems 
3.2 and 3.5. A norm || ■ || is said to be locally uniformly rotund (LUR) if \\x n — x\\ — > 
whenever 2||x n || 2 + 2||x|| 2 — \\x n + x\\ 2 — > 0. It follows immediately from the definitions that 
a dual LUR norm is u>*-Kadec. On the other hand, the dual norm to the usual supremum 
norm on cq is w*-Kadec but not LUR. For a Banach space X one can define a metric p 
on the space P of all equivalent norms on X as follows. Fix a norm on X with unit ball 
B\. For /x, v e P, define p(p, v) = sup{|^(x) — p(x)\ : x £ Pi}. It is shown in [FZZ], that 
(P, p) is a Baire space. 

Corollary 3.9. If X admits a norm for which Wijsman convergence implies slice (Mosco) 
convergence, then the collection of norms on X for which Wijsman convergence implies 
slice (weak compact gap) convergence is residual in (P, p). 

Proof. The proof of [FZZ, Theorem 2] shows that if the set of norms on X whose duals 
are u>*-Kadec (ty*-r-Kadec) is nonempty, then it is residual in (P, p). This with Theorems 
3.2 and 3.5 proves the corollary. I 

Corollary 3.10. If X is a WCG Banach space, then the following are equivalent. 

(a) X is Asplund. 

(b) There is a residual collection of norms in (P, p) for which Wijsman convergence implies 
slice convergence (in any subspace of X). 

(c) X 7$ l\ and there is an equivalent norm on X for which sequential Wijsman conver- 
gence implies Mosco convergence. 
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Proof, (a) =>- (b): It follows from [Fl, Theorem 1], that there is a norm on X whose 
dual is LUR. Hence [FZZ, Theorem 2] shows that the collection of norms with dual LUR 
norms is residual in (P,p). Invoking Theorem 3.2 shows that (b) holds. 

Clearly (b) =>- (c). Also, B x * is iu*-sequentially compact, because X is WCG (see 
[Di, p. 228]). From this and Corollary 3.7 we conclude that (c) =>■ (a). I 

A weakly countably determined (WCD) space is a more general type of space than 
WCG spaces; see [DGZ, Chapter VI] and [F2] for further details and note that [F2] uses 
the term Vasdk space instead of WCD space. 

Corollary 3.11. Suppose X is a Banach space such that X* is WCD. Then there is a 
residual collection of norms in (P, p) for which Wijsman and slice convergence coincide. 

Proof. According to [F2, Theorem 3] and [FZZ, Theorem 2], the collection of norms 
on X with dual LUR norms is residual in (P, p). I 

In Remark 3.14 it is observed that there are non-WCG Asplund spaces which cannot 
be renormed so that Wijsman and slice convergence coincide. So the assumption that X 
is WCG in Corollary 3.10 is not extraneous. Moreover, there are non-WCG spaces X such 
that X* is WCG ([JL]) so Corollary 3.11 covers some cases not included in Corollary 3.10. 

The following theorem shows that if we put some restrictions on the limit set C, we 
can obtain slice convergence from Wijsman convergence in spaces whose dual spaces need 
not admit any sequentially iu*-Kadec dual norm; see Remark 3.14. Recall that a Banach 
space is said to have the Radon-Nikodym property (RNP) if every closed convex subset 
has slices of arbitrarily small diameter. See [Bou] for a comprehensive treatment of RNP 
spaces. 

Theorem 3.12. Suppose the norm || • || on X is Frechet differentiate and let f : X — > 

IR U {+00} be a convex Isc function such that lim|| a ,||_ >00 ^jj^y = 00. Suppose further that 
f a are isc convex functions such that epif a converges Wijsman to epif in Y = X x IR 
endowed with the £2 product of the norms. 

(a) If X has the RNP, then epif a converges slice to epif. 

(b) If f has weakly compact level sets, then epif a converges slice to epif . 

Proof, (a) If epi/ = 0, then the result is clear. Thus we may assume that / is proper. 
So let f(xo) < +00. By [Ph, Proposition 3.15], / has an e-subgradient at xq. Using this 
with the fact that there is an n for which f(x) > whenever ||x|| > n, one can show easily 
that / is bounded below. 
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Since / is bounded below, we assume (by making appropriate translations) that / > 
and /(0) < 1. Let us first deal with a sequence {f n } such that epi/ n converges Wijsman 
to epi/. Let C n = epi/ n and C = epi/. As in the proof of Theorem 3.2, it suffices to prove 
(ii) in Proposition 3.1 in order to show that C n converges slice to C. 

So let Uq E Sy* attain its supremum on C. Now write ]Jq = (xq, to) such that Xq E X* 
and to ^ 1R» Since C is an epigraph of a function on X and y^ is bounded above on C, 
it follows that to < 0. Let A n = (xXAo — -). Then t — - < — - and since we assumed 
f > 0, we have 

supA n < supi/g for all n. (3.6) 

c c 

Moreover, 

||A„-y$ll = - and ||A n ||<l + -. (3.7) 

Using the growth assumption on /, we choose a n > 2 such that f(x) > 8n||x|| whenever 
II x || > a n . Define the sets D n by 

D n = C n {(x, r) : x E X and r < 8na n + 2} 

and let d n = sup{||y|| : y E D n }. Note that D n is bounded and (0, 1) E D n so that d n > 1. 
Because Y = X x IR has the RNP, according to [Bou, Corollary 3.5.7], we can choose 
■y* E Y* such that 

IK " Anil (3.8) 
and moreover v* attains its supremum on both By and D n , say, 

sup< = «,y n ) where y n = (x n , r n ) E D n . (3.9) 

^From (3.8), one has 

supv* < supA n H — . (3.10) 

Writing v* = «, t n ), we have -1 - £ - ^- < t n < -\ + and so for n > 2, we have 
t n > —2. From now on, for convenience, we will assume that n > 2. Since (0, 1) E D n , 
one has 

«,(0,1)) = «,0) + t n > -2 and thus sup v* > -2. (3.11) 
If T n > 8na n , then because f„ < we have 

2 < (^ n ) (^n? ^n)) = (^ni ^n) ~l~ ^n^n — 2||x n || 8?KJ. n — 

2n 
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and so 

2a n < —2 + 4a n < 2||x n || that is ||x n || > a n . 
But, by the choice of a n , if ||x n || > a n , then r n > f(x n ) > 8n\\x n \\ and consequently 

«, (x„,r„)) < (x* n ,x n ) - ^-8n||x„|| 
< ~~~~~ 2 1 1 ^z- 1 1 4 1 1 x fi 1 1 2 . 

This contradicts (3.11). Thus we have r n < 8na n . 

Recall that v n attains its norm on By- Now let v n = (x n ,f n ) be such that \\v n — y n \\ = 
1 and 

(KiVn ~ Vn) = IKH- (3.12) 

Observe that r n < r n + 1 < 8na n + 1 and so if (c, t) E C and || (c, £) — (x n , f n ) || < 1, then 
t < 8na n + 2 which means (c, t) G D n . Since <i(i> n , _D n ) < 1, we have d(v n , D n ) = d(v n , C) 
and moreover, 

1 1 

1 = Tr^;\»w v n-yn) < inf --—r(v n ,v n - c) < d(u n ,C) < ||v n -y„|| = 1. 

Now let A n , fc G 0d(-,C fc )M- Then 

limsup(A n)fc , y n - v n ) < limsup(d(y n , C k ) - d(v n , C k )) 

k k 

= d(y n ,C)-d(v n ,C) = -l. 

* 

Therefore lim fc (A njfc , v n - y n ) -> 1 = (]jj?][,l/n - v n ). As ||A n)fc || < 1 and || • || is Frechet 
differentiable, from Smulyan's criterion (see [DGZ, Theorem 1.1.4]), one obtains 

v* 1 
(i) lim A nfc - tt^ttW = and in particular (ii) lim(A n)fc , v n ) = Tr—rAv n ,v n ) . (3.13) 

k \\ v n\\ k \\ v n\\ 

Let Zk G Ck be arbitrary, because A n / C G dd(-, Ck)(v n ) we have 

limsup(A njfc , z k - v n ) < limsup(d(2fc, C k ) - d(v n , C k )) 

k k 

= -d(v n ,C) = -l. (3.14) 
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Consequently, we obtain 



limsup(A njfc ,z fc ) < limsup(A n , fc , v n ) - 1 
k k 
i 

[(On) - ||u 



< 



< 



supv n 

[sup A n + -1 

[sup Vq + -]. 

1 c n J 



[by (3.14)] 
[by (3.13(ii))] 

[by (3.12)] 
[by (3.9)] 

[by (3.10)] 
[by (3.6)] 



This with (3.13(i)) shows that there exists k n G IN such that whenever k > k n one has: 



supA njA: < sup?/o + ( 1 

c k c I 

II 1 
||A nj fc - 2/o II ^ A njA: - TT 



1 



l) SUp S/o + 

c n\\v: 



+ 



1 



and 



+ 



Vol 



1 

< - + 

n 



Vol 



By replacing A; n with a larger number in necessary, we may assume k n > k n -\ for all n. 
For k < k2, let yl = and for k n < k < k n+ i let = A nj fc. According to (3.7) and 
(3.8), \\v n \\ — > 1 and — j/qII — ^ 0- Thus it is clear from the above inequalities that 
\\Vk -2/o II ^0 and 

limsuplsup^} < sup i/q . 

k c k c 

Therefore epi/ n converges slice to epif. The statement for nets follows from Theorem 2.2 
since the RNP and Frechet differentiate norms are inherited by subspaces. This completes 
the proof of (a). 

(b) Notice that the RNP was used only to obtain a dense set of functionals which 
simultaneously support D n and By- Since the level sets of / are assumed to be weakly 
compact, it follows that every functional attains its supremum on D n . Hence by the 
Bishop-Phelps theorem there is a dense set of support functionals which simultaneously 
support D n and By- Therefore (b) follows from the proof of (a). I 

By considering indicator functions in the above theorem, we immediately obtain the 
following result. 



22 



Corollary 3.13. (a) Suppose X has the RNP and its norm is Frechet differ entiable. If C 
is a closed bounded convex set and C a converges Wijsman to C, then C a converges slice 
to C. 

(b) Suppose the norm on X is Frechet differentiable and C is weakly compact. If C a 
converges Wijsman to C, then C a converges slice to C. 

Remark 3.14. There are spaces admitting Frechet differentiable norms for which there 
is no equivalent norm such that Wijsman and slice convergence coincide. Indeed C[0, o>i], 
admits a Frechet differentiable norm ([Ta, Theorem 4]), while the techniques of [Ta, Theo- 
rem 3] can be used to show C[0, u>i]* does not admit any dual sequentially u>*-Kadec norm. 
Hence it is necessary to have restrictions on the limit set in Theorem 3.12 and Corollary 
3.13. Also, any space with a separable second dual is an example of a space with the RNP 
that admits a Frechet differentiable norm. 

Finally, let us mention that one can use subdifferential techniques as in the proof of 
Theorem 3.12 to show that Wijsman and slice convergence coincide if the dual norm is 
LUR. This proof is somewhat simpler than the w*-Kadec case. Also, similar techniques 
can be used to provide a simple direct proof that Wijsman convergence implies Mosco 
convergence when the dual norm is w*-r-Kadec; moreover, the proof of [Be2, Theorem 2.5], 
without modification, shows this result. However, these proofs do not appear to provide 
the additional information that Wijsman and weak compact gap convergence coincide in 
this case. As a follow up to the question stated at the end of Section 1, we should mention 
that we don't know if sequential Wijsman convergence implies slice convergence provided 
the dual norm is only assumed to be sequentially w*-Kadec. 
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